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b = 0 R
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L =
ρ
2
∇
(
a∇
)
, PJQ2R  4S
'g#k?= "<%#= ,)#?& 4J# PJQ2REQLS AB*2%U 2-M3>#= 2<D%@ "96E#19;*4D!./#L. b 9KMN./#&^!EF><!#k?*K#um?E#&-@ ρ  "!. a E POQ4R  -S 8<#GAB*4686E*,'08!F]3 2#&%Lx
If ab := a exp
Ψ and ρb := ρ exp
−Ψ,
with Ψ(x) =
∫ x
0
h(y)dy and h(x) = 2
b(x)
ρ(x)a(x)
,
then
ρb
2
∇
(
ab∇
)
=
ρ
2
∇
(
a∇
)
+ b∇.
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G = (l, r)
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R R #G'086E6W 2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ρ
! e+KEFm?*4D- 2968#k.E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a
 2!.
ρ R  o #=?<E*2cN'(#>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1 ≤ p <∞ '(#1./#=*"#h9KM Lp(G) <#GJ#&(*2A~3>#= 4JD%@ "9!68#0ABD!!?f8*4! f *2 G JD!?@N<! "
‖f‖p :=
( ∫
G
|f(x)|pdx
)1/p
<∞.
W#U9$#
0 < T <∞ ^/#L. R t*4% 1 ≤ p, q <∞ 'g#:./#=*"#19KM Lq(0, T ; Lp(G)) #kJ#&0*"AV3]#L 2<D%@ "96E#nABD!!?f8*4!
f
*2
(0, T )×G <D!?@<! "
|||f |||p,q :=
( ∫ T
0
‖f‖qp dt
)1/q
<∞.
t*2%
u ∈ Lp(G) '(#N./#=*"#m9KM dudx <#m^!%J./#=%<E+, ,8+4#*"A u Ez<#N.EJ<%89!D/<E*2! 26g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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W1,p(G)
<#U<! 4?#(*"A!ABD!!?f8*4!
u ∈ Lp(G) <D!?@<! " dudx ∈ Lp(G) [- "!.9KM W1,p0 (G) <!#U?6E*4<D%<#(*"A
C∞c (G)
E
W1,p(G)
#=q-DE$#=.N'0Zm<!#h*4%<3
(‖u‖pp +
∥∥du
dx
∥∥p
p
)1/p R #G./#&!*"<#h9KM H1(G) #h<! 4?# W1,2(G) [ "!.9KM
H10(G)
#kJ; 2?#
W1,20 (G) Rt*2%
u ∈ L2(0, T ; L2(G)) 'g#r./#=*"#9KM ∂tu <!#v.EJ<%89!D/<E*2JD;?@<; ,>AB*2% "6E6 ϕ ∈ C∞c ((0, T ) × G) ['(#! e+2#4[ 〈∂tu, ϕ〉 = − ∫ T0 ∫G u∂tϕ R  #O86E6C./#=*"#]9KM dudx <#]^!%@O:./#=%<E+, ,<E+2#]*"A u '0Zs%#=<$#=?fG* x E#./E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0 < λ < Λ <∞ 68#&0D!0./#&!*"<#G9KM Ell(λ, Λ) <!#kJ#&)*2A~ABD;?f<E*2; f *2 G ! ,n 2%<#13>#= 2<D%@ "96E#h 2!.JD!?@<! "
∀x ∈ G, λ ≤ f(x) ≤ Λ.
t*2%
ρ ∈ Ell(λ, Λ) 6E#UD!0.#^!#G#:3>#= 4JD%# mρ(dx) := ρ−1(x)dx Rt*2% "KM3>#= 4JD!%<#
m
'08< v9$*2D;./#=../#=!<ZOMs'0Z%<#LJ$#=?:<*r#NW#=9;#LJF4D#>3>#= 2<D%#'g#>#&.#&*2<#9KM
L2(G, m)
<# } 86E9$#&%<nJ! 4?#G*"AABD!?<E*2!0E L2(G) #=q-DE$#=.'08<<#k?& 26E 2%)%<*/./D;?f
(f, g) 7−→
∫
G
f(x)g(x)m(dx).
T)EUE0./*4#G8v*4%./#=%(<! "0<#:*4;#=% "<*2%)'(#:./#^!!#:9;#=68*,'EU<MK3>3]#&<%E?1*4
L2(G, mρ) R
 +*#+ ! 5 
a  "! ρ # %$  Ell(λ, Λ) &('*)%+('*,  0 < λ < Λ <∞ -/. 0  12143 $25  )76   08 &('*),9'8:  );  ' )
'<& 0 ' >=?0($>   + a  ! ρ @A*!CB  ' D L(a, ρ) @ FE4 'G:  )G  ' ) (L, D(L)) '  L2(G, mρ) ! 7H   !I#(J
L =
ρ
2
d
dx
(
a
d
dx
)
,
 !
D(L) = { u ∈ H10(G) , Lu ∈ L2(G)}.
 ?f<D; "6E68Mk8A a, ρ ∈ Ell(λ, Λ) #0*2$#&%@ ,*2% L(a, ρ) ! 2<D/um?E#&-%*2$#&%<<E#=	<*GF4#&#=% "<#) :?*2-8KD*4D!Vij "%72*,+%<*/?&#= R #kJD3D<#LJ#:%*2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  /4  ! 5 
a  ! ρ # $  Ell(λ, Λ) &('*)+' ,  0 < λ < Λ <∞ - E4 B  E  5 $   E  '8:  );  '*) L(a, ρ) '  L2(G, mρ) $ + 0 1 ' +  !  "! +  1 &  !	' $   @AB $2FE !   +  ! '*,  $ -$2$   E $ + 'G:  );  '*) $ + FE4$  H  $2  + $ ,C 1 6    )G  ' ) '<& +  );'*6 1 J 0 '*  $ 
 '
 + +  , $ 6 );'
 : '<& 0 '   )G 07$ '* (St)t≥0
'  L2(G, mρ) -$2$2$  '*)  ' 5  ) (St)t≥0 $ +   121  ) +  , $ 6*);'
 : - E 
 + L(a, ρ) $ + FE4 $  H  $2D + $ , *1 6    );  '*) ' &    ) ' 5
:);' 08 +8+ (Xt, t ≥ 0) -$25  E4 :)G' 08 +G+ (Xt, t ≥ 0) E  + 0 '  7$ 
 '
 +  ); 80( ' ) $> +-
 4 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 R
 #U<# (L, D(L)) = L(a, ρ) R t	8%@O8CEV$*4<896E#(<*:9D!86.> 1<MK3>3]#&<%E?(9E6E8#L "%VAB*4%<3 E *2 L2(G, mρ) ./#^;#=.9-M
E(u, v) =
∫
G
a
2
du
dx
dv
dx
dx, ∀(u, v) ∈ D(E)×D(E), and D(E) = H10(G),
<! "U+2#&%8^!#==[
E(u, v) = −〈Lu, v〉L2(G,mρ) , ∀(u, v) ∈ D(L)×D(E).
T)-D;U#%#=<*26E+2#=4U*2A
(L, D(L))
?= "r9$#9!D8681 2!.r'(#kF2#&h SfR1  26EE?= ,<E*2r*2A<# } E686E#HC*4<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6E#= 4.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) ]?6 2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J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(Pt)t≥0
; 2) ./#=!<ZOM
p(t, x, y)
'08<%<#LJ$#=?g*
<#:3>#= 4JD!%<#
mρ
JD;?@N! ,
u(t, x) =
∫
G
p(t, x, y)f(y)ρ−1(y)dy P 4 R8QeS
EC G?&*2-<EKD*2D!	+4#&%@JE*2*"A
Ptf(x) R T)#&]AB*4% f E C0(G) [ Ptf 9$#&6E*2F-	<* C0(G) R gMk<#0D!<#0*"A;<#03 "KE3D!3%<E!?&86E#:8n?& "9$#kJ*,'0<; ,
(Pt)t≥0
EU<#&3>8H 3 2%<74*,+- "m 2!.'g#GF4#08E SfRtE! 2686EM  %<*4!J*4N#LO83 ,#=)*4#:./#&;J8OM p(t, x, y) ?& "9$#:D!J#L.m*mJ!*,' AB*2%0#& "3>6E#h! ,
∀ε > 0, ∀x ∈ G, lim
t↓0
1
t
∫
|y−x|>ε
p(t, x, y)ρ−1(y)dy = 0,
 "!.<KD!)'(#GF2#&U8+ SGP <#&#G|C%*2$*4<8<E*2 4 R 6 Ev?@! "/#&% 5 *"A)_ p{ 2ed SfR
 #:! e+4#: ]?&*2!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  /4  ! 5 !  #  0 < λ < Λ < ∞ -   a *! ρ #  $  Ell(λ, Λ)  "! (an, ρn) #   +  
   08 '<&
Ell(λ, Λ)×Ell(λ, Λ) -  
 + !  "'   #J S *! X )  +7: 80( $25  1 J FE4 +  , $ 6*);'
 :? "! FE4 :");' 08 +8+6    )G   ! #J L(a, ρ)  "! #(J (Sn)
 ! (Xn) 2E  +  
   0G +'<& +  , $ 6 );'
 :+  ! :);' 08 +8+  + 6    );   ! #J 2E  +  
   0G '<& '8:  );  '*)8+ L(an, ρn) - +8+
 , 2E  
1
an
L2(G)−−−−⇀
n→∞
1
a
, and
1
ρn
L2(G)−−−−⇀
n→∞
1
ρ
.
 E   &(' ) * J T > 0 *!I  J f ∈ L2(G) B  E  5 
4 c  
$   E  &
  0( $ '  Snt f(x)
0 '  5  )76  +B   *1 J $  L2(0, T ; H10(G))
 ' Stf(x) -
$2$   E4 0 '*  $ 
 '
 + 5  )8+ $ '  ' & Snt f(x) 6
$25   #JP 4 R8QeS B $2FE p )  :1  08 ! #(J pn 0 '  5  )76  + 
  $ &(' ), 1 J '    08E0 '*, :  0 '<& (0, T )×G  ' 2E  0 '  7$ 
 '
 + 5  )8+ $ '  '<& Stf(x) 6 $25   #JsP 4 R8QeS-
$2$2$ 
(Xnt , t ≥ 0)
L−−−−→
n→∞
(Xt, t ≥ 0).
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 R t*4% 0 < λ < Λ < ∞ '(#./#=*"#9KM Coeff(λ, Λ) <#>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Ell(λ, Λ)
! ,U+4#&%ZABMx
i) f
)%<EF2-U?*4-<E-D!*2D!)'08<v6E#AU6E83>8 P % R ? R 6 R 6 R SR
ii) f
9$#&6E*2F-(<* C1(G \ I) ['0#=%<# I U >?*2D!4@ "96E#:J#&0'0Z*2D/n?&68D;O#&%U$*2E- R
W#)D!( "6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G
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σ #  $  Coeff(λ, Λ) &(' ) +' ,  0 < λ < Λ < ∞ @ *! ν #  $  M - . C0  121  ' 0GE  +  $>0
3 $   )    $  1  
   $ '  B $2FE/ ' 0  1  $ ,  '<& 0 ' 7=?0($>   + σ  "! ν @ *! B  "'   Sde(σ, ν) @ 2E  &(' 121 ' B $ 6 3
Xt = X0 +
∫ t
0
σ(Xs)dWs +
∫
R
ν(dx)Lxt (X),
B E4 )  Lxt (X)
$ + FE4 +J , ,  ) $>0 1 ' 0  1  $ ,  ' & 2E  
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<*23>#1%<*4;#=%J8#L(*"A o `hp0*2AW<!#hOMK$# Sde(σ, ν) R #G'0E686X%#=?= "6E6;#=%<#G<*23>#%<#LJD68)*2A0'g*4%<7'(#G'086E6WD!<#G8#kJ#Lq-D#&6 R
 #'086E60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E
Coeff(λ, Λ)
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f ′(dx)
<!#h9$*2D;./#=.N3]#L 2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<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f8<!#:F2#&!#&%@ "6E8=#=.N<#&;J# R1 #k./#=*"#19KM f(x+)  ";. f(x−) %<#LJ$#=?<E+2#&6EM><!#:%<EF2-U "!.6E#AU6E83>80*2A f 8 x R
 #k'0E6E6~ "6J*./#=*"#:9KM f ′(x) <#:% R ? R 6 R 6 R ./#&!<8OMN*"A	<!# "9!<*26ED/#&6EMN?*448KD*4D!)! 2%JU*2A f ′(dx) P <! "n8nE0<*< eMm'(#1 272#1AB*2%
f ′(x)
<#:%8F44U./#=%<E+, ,8+4#1*2A
f
8
x SRt*2%
ν
E
M
'(#k./#=*"#19KM
νc
#k "9!<*26ED/#&6EMN?*448KD*4D!(! "%<0*"A
ν R
  "!$#&%$')(*+ ,#-'.%$/021,3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<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0 < λ < Λ <∞ 'g#k.#&*2<#:9KM T(λ, Λ) #<#U*2AV 2686XABD!!?f8*4! Φ *2 G <! "n! e+2#: ]^!%@Jn./#&%8+, "<E+2# Φ′<! "n9;#=68*4F4(*
Coeff(λ, Λ) R T)!#k 2JD3>/8*4v3> 4./#:*2#k9 wO#=?<E*2vEn3>8E3 "6~ 2!.'g#k?= "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  
σ #  $  Coeff(λ, Λ) &(' )+'*,  0 < λ < Λ <∞ - 
ν(dx) = b(x)dx +
∑
xi∈I
cxiδxi(dx),
#  $  M D$ -  - @ b $ +,   +
 ); #1   "! #8'
 "!  ! @A*!   08E |cxi | < 1
 - 
Φ # $  T(λ′, Λ′) &('*) +('*,  0 < λ′ < Λ′ <∞ *!C1 ( J #  FE4 +  '<& FE4 : ' $   +'<&! $ + 0 '  7$ 
 $2 J/' & Φ′ -
 E   FE4    +     ,    +*)    
 $25  1   	
$   E  :");' 0G +8+ X +('*1 5  + Sde(σ, ν) -$2$   E  :");' 0G +8+ Y := Φ(X) +'*1 5  + Sde(γ, µ) B $2FE
γ(y) = (σΦ′) ◦ Φ−1(y),
 !
µ(dy) =
Φ′b + 12 (Φ
′)′
(Φ′)2
◦ Φ−1(y)dy +
∑
xi∈I∪J
βxiδΦ(xi)(dy),
B E4 )  @
βx =
Φ′(x+)(1 + cx)− Φ′(x−)(1− cx)
Φ′(x+)(1 + cx) + Φ′(x−)(1− cx)
,
B $22E cx = 0 $ & x ∈ J \ I -
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 5  l *2<#1<! " γ *29K+K8*4D!J6EM>9;#=68*4F4g* Coeff(λ′′, Λ′′) AB*2%0<*23># 0 < λ′′ < Λ′′ <∞ [ ";.<; , µ 8
M
[!J*>8U3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J#=!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<$#= "7*"A
Sde(γ, µ) R
 #:?& 2 eM><; ,)<#:?&6E 4<(*"A o `hp*2AWOMK;# Sde(σ, ν) E0J 296E#19KM>% 2!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 "<E*2m9KMN 9 wO#=?f8*4v9;#=68*4F2EF<*
T(λ, Λ)
AB*2%U<*23>#
0 < λ < Λ <∞ R
 4  /. #.  4 /
/ 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 5  5  #k%*,+2# i) ⇒ ii) R T)#?*2K+4#&%@J#:?& 2r9;#%*,+2#&Er<#< 23]#3> 2#=%hq-D8<#9;#=8F>#=?@!E?= "6E68Mm3>*4%<#:?D!39$#&%@J*43]# RgMm<#k<MK3]3>#&<%E?GI"HT 2! "7, AB*2%3D6 '(#1^!%@OUF4#=x
Yt = Φ(Xt) = Φ(X0) +
∫ t
0 (σΦ
′)(Xs)dWs +
∫ t
0 (σ
2bΦ′)(Xs)ds
+
∑
xi∈I
Φ′(xi+)+Φ
′(xi−)
2 cxiL
xi
t (X)
+ 12
∫ t
0 [σ
2(Φ′)′](Xs)ds +
∑
xi∈J
Φ′(xi+)−Φ
′(xi−)
2 L
xi
t (X)
= Φ(X0) +
∫ t
0 (σΦ
′) ◦ Φ−1(Ys)dWs
+
∫ t
0
[σ2(Φ′b + 12 (Φ
′)′)] ◦ Φ−1(Ys)ds +
∑
xi∈I∪J
KxiL
xi
t (X),
'0Z
Kx = cx(Φ
′(x+) + Φ′(x−))/2 + (Φ′(x+)− Φ′(x−))/2.
 #:! e+4#1<#=*>#/%#= Lxt (X) 8ABD!?<E*2v*"A LΦ(x)t (Y ) AB*2% x ∈ I ∪ J R
4 c2c
 n<8Fyg*4%<*4686 "%Mn REQ2R 6 *"Ag_   6 Q dW8n?& "9$#kJ*,'0<; ,
L
Φ(x)±
t (Y ) = Φ
′(x±)Lx±t (X). P, REQLS
g#LJ./#Lv<#=*2%#&3n REQ2R 8*2Ar_   6 Q d6E#= 4.<* (Lx+t (X) − Lx−t (X))/2 = cxLxt (X)  ";. ?&*2398EF'08<
(Lx+t (X) + L
x−
t (X))/2 = L
x
t (X)
'g#GF2#&
Lx+t (X) = (1 + cx)L
x
t (X). P, R 4 S
v ><83>E6E 2%03 "#=%0'g#G! e+4#
(L
Φ(x)+
t (Y )− L
Φ(x)−
t (Y ))/2 = KxL
x
t (X)
 2!.N'(#:?& "vF4#
KxLt(X) + L
Φ(x)
t (Y ) = L
Φ(x)+
t (Y ).
T)#&vD!<8!F P REQLS  2!. P R 4 S '(#GF2#
L
Φ(x)
t (Y ) = (Φ
′(x+)(1 + cx)−Kx)Lxt (X),
 "!.<!#GAB*2%3D6 0%*,+2#L. R
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<8<E*29$#&6E*,':[2~#)aG 2686/D!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σ # C$  Coeff(λ, Λ) &(' ) +' ,  0 < λ < Λ < ∞  "! ν #  $  M -
 E  )  $ +  
  $  
  +  )G' 6/+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 $ '   ' Sde(σ, ν) -
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 2 R
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σ # I$  Coeff(λ, Λ) &(' ) +' ,  0 < λ < Λ < ∞ -  E4 )  $ +  
  $  
 
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 );'*6 +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7$ '*  ' Sde(σ, 0) -
 4  /. 5 o #&#_ W#=F4c=d R
T)#:#KU6E#&3>3 ]'086E6W6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 5 ! (
ν # I$  M -  E4 )   $ +  +/ &
  0 $ '  fν $  Coeff(λ, Λ)  &(' )/+'*,  0 < λ < Λ < ∞  @

  $  
  
 :  ' /, 
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7$ :"1 $>0   $25  0 '  +     @
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 08E FE  	
f ′ν(dx) + (fν(x+) + fν(x−))ν(dx) = 0. P !R  -S
 4  /. #.  4 /
/ #+  5 ! 5nIn<D/um?#L(<*<#
Φν(x) =
∫ x
0
fν(y)dy.
gMW#&3>3  R 4 Φν *49-+KE*2D!<6EM:9;#=68*4F4	* T(λ, Λ) AB*4%J*43]# 0 < λ < Λ <∞ R (Mk|C%*2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<Z8*4  !R8Q  "!.]W#=3>3> 
 R 4 '(#F2#&h! , X <*26E+2#L Sde(σ, ν) 8Ag 2!.r*2!68Mr8A Y := Φν(X) <*26E+2#= Sde((σfν) ◦ Φ−1ν , 0) R (MrW#=3]3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   %  # / ! # +# / # ( 1 , (
W#aG "6E6X%*,+2#L.<!#:#Kn?*4!<EJ<#=!?M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Sde(σ, ν) R
  /4   5 7   "2)) 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/  #   B ' +   
   08 + (σn)  "! (νn) &(' )B E $>08E FE4 )   $ +  0 < λ < Λ <∞ @
0 < M <∞ *! δ > 0 +
 0GE FE  
(H1) σn ∈ Coeff(λ, Λ), ∀n ∈ N,
(H2) |νn({x})| ≤ 1− δ, ∀n ∈ N, ∀x ∈ G.
(H3) |νn|(G) ≤M, ∀n ∈ N,
+(' 2E     08E νn $ + $  M -  +8+
 ,  FE  FE4 )   $ +  B ' &
  0 $ ' 4+ σ *! f $  Coeff(λ′, Λ′)  &(' )I+' , 
0 < λ′ < Λ′ <∞
 +
 0GE 2E  
σn
L1loc(R)−−−−−→
n→∞
σ  ! fνn L
1
loc(R)−−−−−→
n→∞
f,
 !C+ (	
ν(dx) = − f
′(dx)
f(x+) + f(x−) . P, R
5 S
 
(Ω,F , (Ft)t≥0, Px) #   H 1 D )  ! :)G' #8 # $ 1 $2 J +7:  08/0 *))J $ 6 *  ! G:   ! );' B $   ,C'  $ '  W -
	  FE $ +
+7:  08 @"&('*)   0GE n ∈ N 1  #  Xn 2E  +  );'*6 +' 1 
  $ '  ' & Sde(σn, νn) @ *!I1  #  X 2E  +  );'*6 +' 1 
  $ '  '<&
Sde(σ, ν) -  E   
E [ sup
0≤s≤t
|Xns −Xs| ] −−−−→n→∞ 0 *! (X
n
t , t ≥ 0)
L−−−−→
n→∞
(Xt, t ≥ 0).
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νn
 2%*4 2?@!#=
ν
8>#n<#&!<#)<; ,
fνn
#&!.!<*
fν
AB*2%#
L1loc
?*2K+4#&%F2#&;?# R
l *"#'(#?= "r! e+4# νn ⇀ ν1 [9D/ fνn → fν2 AB*2%U# L1loc ?&*2K+2#=%<F4#&!?&#2['08< ν1 6= ν2 P o #=#N_ W#&F 4c=dV4c>AB*2% "# "3>6E# SR T)#G<#=*2%#&3 4<<#&%<g! , Xn <#=!.)* X <; ,n<*26E+2#= Sde(σ, ν2)  "!.*2 Sde(σ, ν1) 
W#]aG 2686	 "6J*!%<*,+4#=.v m`h*2!<72#=%0<#=*2%#&3 AB*2%1J*468D/8*4v<* o `npgn*2A	#kOMK$#
Sde(σ, ν)
AB*4%
σ ≡ 1 R W#&h9$# µ8
M
 2!.
Y
9$#G<#k<*26ED/8*4N*
Sde(1, µ) R
 #k./#&^!#k<*23>#:?*K#um?&8#=4@ βnk AB*2%U "6E6 k ∈ Z [; "!. "6E6 n ∈ N∗ [9KMx
1− βnk
1 + βnk
= exp
(
− 2µc(]k
n
,
k + 1
n
])
) ∏
k
n
<y≤ k+1
n
(1− µ({y})
1 + µ({y})
)
=
fµ(
k+1
n )
fµ(
k
n )
. P, R c S
 #k./#&^!#k ><#=q-D#&;?# (µn) *2A3>#= 4JD!%<#LgE M 9KM
µn =
∑
βnk δ k
n
, P, R  S
 "!.v >J#Lq-D#&!?&#
(Y n)
*2A%*/?#L<<#=)<D!?@<! ")#L 2?@
Y n
J*468+4#=
Sde(1, µn) RtE! 2686EMN'(#:./#^!!#GAB*2%U "6E6
n ∈ N∗  ><#=q-D#=!?# (τnp )p∈N *"AO*2EF]<E3>#=09KM4[
4 c8
τn0 = 0
τnp+1 = inf{t > τnp : |Y nt − Y nτnp | =
1
n}.
P, R 8 S
 #:! e+4#1<#G#&-0#&*4%<#=3 R
  /4   5 !    "2)) 	
/   FE4 :) 5 $ '
 + 0 '     Snp := nY nτnp !
7H   +  +  
   08 ' &);*! '*, B *1  +
'  FE4 $    6  )8+%+
 08E FE    
Sn0 = 0, ∀n ∈ N∗,
P[Snp+1 = k + 1|Snp = k] = 12 (1 + βnk ), ∀n, p ∈ N∗, ∀k ∈ Z,
P[Snp+1 = k − 1|Snp = k] = 12 (1− βnk ), ∀n, p ∈ N∗, ∀k ∈ Z.
 
 E  +  
   08 ' & :);' 08 +8+  +I! >H   ! #J Ỹ nt := (1/n)Sn[n2t] @ B
E4 )  b.c +  *! + &('*) FE4 $    6  )%:4*)  ' &  "' 
  6  7$25  )   1 
 , #  )8@ 5  ) $ HA + &(' ) *121 0 < T <∞ 
E|Ỹ nt − Yt| −−−−→n→∞ 0, ∀t ∈ [0, T ] and (Ỹ
n
t , t ≥ 0)
L−−−−→
n→∞
(Yt, t ≥ 0).
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J I 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'g#vF4# " "%*e/83 "<E*2*2A
X Rg#L?& 2D!J#1#k?*K#um?&8#=4
γ
0*2nWE!?@ZGZA
a
 ";.
ρ
 "%#h*2=[#=+, "6ED! ,8F]#kJ$#&#L.*"A?*2K+4#&%F2#&;?#n*2AV<D!?@
 ]?@#=3]#G0*2)#L 2<M R _ ijb2edI[ R ~#OwJ eM 2!. i R ij 2%J8!#& %*2$*4<#=.<*D!<#<!# o )i R T)#=M ^!%@J 9DE6E.  E#=?&#&'0J#?*2;O@ "-> 2%*e/83 ,8*4
(an, ρn)
*"A
(a, ρ)
E*4%.#&%]<! "#v%*K?&#=
Xn
F4#&#=% "<#L.9KM
L(an, ρn)
J*468+4#=
Sde(
√
anρn, νn)
'08<
νn
< "<OABMKEF
(νn)c = 0 R o #=?*4!.9KM v%*2$#&%G9 wO#=?f8*4 Φn ∈ T(m, M) [~<#=MF2#&<! "
Y n = Φn(Xn)
J*468+4#=
Sde(1, µn)
'08<
µn =
∑
βkδyk
[	 R # R Y n 9$#&! e+4#=G6E*/?& "6E6EM6E874#m o (i R T)E%.<#=M!%<*4;*-J#L.r N?@#&3>#
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 an  "!. ρn  "%#!8#L?#&'0<#j?*2;O@ "- R T)!#j;*48-@*"A:./<?&*2-<EKDZOM*"AG#&8<#=% an  2!. ρn "%#j8;?6ED!./#=. 8<*23>#<# In R  #s 4<<D3># In = {xnk}k∈In AB*2% In = {0 ≤ k ≤ kn1 } ⊂ Z ^!8<# "!.
xnk < x
n
k+1, ∀k ∈ In R8 S t*4%0#= 2?@ xnk ∈ In 'g#G! e+4# an(xnk ) = a(xnk )  "!. ρn(xnk ) = ρ(xnk ) R8E S yg*4!<E./#=%)<#GABD!!?f8*4
Φn(x) =
kn,x−1∑
k=0
xnk+1 − xnk√
a(xnk )ρ(x
n
k )
+
x− xnkn,x√
a(xnkn,x)ρ(x
n
kn,x
)
, P c R c S
'0#&%#1<#:E-<#&F4#&%
kn,x
+2#=%<8^!#=
xnkn,x ≤ x ≤ xnkn,x+1 RT)#]<# In  ,EJ^!#= Φn(In) = {k/n, k ∈ Z} ∩ Φn(G) R t!%<*43 *,' 'g#] 2JD!3]# xnk h<#;*48-G*"A In JD!?@<! "
Φn(xnk ) = k/n R
   234  5  rA  2?n#^;%JU<!8FN<*./*mU*?*4!J<%D!?fU#F4%<. In  ,EJABMK8!Fm8E SfR I1Eh+2#=%<M#= 4JMv "!.*26EMN%#=q-DE%<#L(<*7K*,'<#k?&*K#um?E#&-
a
 ";.
ρ P <#&#:$*2E4 Q *"A	<# 268F4*2%Z3 E o D9!<#=?<E*2c R c SR T)#= an "!.
ρn
?& 2v9;#k?&*2!J<%D!?f#=. R
   234  5 ! T)#k<# I  2!. In 3 eMm; e+2#1*?*23>3>*2$*2E4@ R
 #G@ "72# Xn <*9$#G<#G%*/?#L<)F4#&#=% "<#=.N9KM L(an, ρn) R
4  Q
   234  5 In?& 29$#k<*,'0N9KMT)!#&*2%#&3 4 R 4 ! , Xn ?*4-+4#&%F2#LEv6E e'<* X R
   	  ! R (Mm|C%*2$*4<Z8*4 5 R8Q #:%*K?&#= Xn <*26E+2#L Sde(√anρn, νn) '0Z
νn =
∑
xn
k
∈In
an(xnk+)− an(xnk−)
an(xnk+) + a
n(xnk−)
δxn
k
.
T)#nABD!!?f8*4
Φn
./#&^!#L.m9KM P c R c S 9$#&6E*2F-C* T(1/Λ, 1/λ) R T)!#h$*2E-g*"A./?*2-8KD8OM>*"A Φn′  2%<#U<*-J#18
In [ ";. (Φn′)′ = 0 [J*>9KMm|C%*2$*4<8<E*2  REQ #:%*/?#= Y n = Φn(Xn) <*26E+2#L
Y nt = Y
n
0 + Wt +
∑
xn
k
∈In
βnk L
k/n
t (Y
n), P c R  S
'0#&%#
βnk =
√
a(xnk )/ρ(x
n
k )−
√
a(xnk−1)/ρ(x
n
k−1)
√
a(xnk )/ρ(x
n
k ) +
√
a(xnk−1)/ρ(x
n
k−1)
. P c R 8 S
T~*h'0%<8<##=<#g?&*K#um?E#&-~'g#! e+2#CD;J#L.1<#A  2?f<! "
an
 ";.
ρn
 2%<#% R ? R 6 R 6 R  "!.:<! "~AB*2%8;O@ "!?&# an(xnk+) =
a(xnk )
 2!.
an(xnk−) = a(xnk−1) R
   234  5   #G! e+4#hF4*" Y n <! "0<*26E+2#L Sde(1, ∑βnk δk/n) E >./8Y#&%#&-(') eM><; "<#G*2!#hD!<#=.9KMmW#aG "6E6W8vT)#=*2%#&3  !R 4 R1 #:*,'D!J#G03>#*/.<*>F2#& Ỹ n ! ,U+4#&%Z^;#=
E|Ỹ nt − Y nt | −−−−→
n→∞
0, ∀t ∈ [0, T ]. P c R  S
   	   50WE72#GE P, R 8 S '(#G.#^!#k ><#=q-D#=!?# (τnp )p∈N *"AO*2EF]<E3>#=)9KM2[
τn0 = 0,
 ";.
τnp+1 = inf{t > τnp : |Y nt − Y nτnp | = 1/n}.
T)! "7/(*><#GD8AB*2%3>ZOM*"A<#:F4%<. {k/n, k ∈ In} '(#:! e+2#h<#GAB*4686E*,'0EF6E#&3>3 R
    2  5 ! $  ' ) *121 k ∈ Z  "! *121 p ∈ N @ (Y nτnp +u−Y nτnp , 0 ≤ u ≤ τnp+1−τnp ) *'*B
$ 6 FE   {Y nτnp = k/n}E  + FE4 + ,  1  B  + (Y βnk ,0t , 0 ≤ t ≤ τ1/n) -$2$ 
∀p ∈ N, σnp := n2
(
τnp − τnp−1
) ∼= T (1),
 ! 2E  σnp   +*)
 $ !  :  "!    -
 4  /. 5GT)#(J "<#=3]#=- S AB*4686E*,'U~<83>6EMGAB%*23;*48-V S *"A;~#&3>3 hc R8Q  "!.G#)?*23>! 2%<<*2G9;#&O'g#=#& P c R  4S  "!.
P c R  SR t!%<*43 S [L<!#gJ<%*2FUij 2%<74*,+U%*2$#&%<OM2[e "!.G$*2E-E S *"AW#=3>3> hc REQ [L'g#CF4#<! " (τnp −τnp−1) ∼= T (1/n2) [ "!.j<#J ,#&3>#&-G8 S AB*26E68*,'Uh9KMj<?= "6E8!F R  n<EF 2F4 28r#ij "%72*,+%*2$#&%<OMv'g#]F2#&h#>8!.#&$#&!./#=!?#>*2A<#
σnp    R
W#aG "6E6D!<#=.j<168#=3>3> E1%<*K*2AC*"AT)#=*2%#&3  R 4 R !./#=#=.ZGE1*49-+KE*2D!n9KMv<#] S *"A(W#&3>3 c R 4  "!.<#:E S *2AV~#&3>3 c REQ ! , Snp := nY nτnp < "<O^;#=
4  4
Sn0 = 0,
P[Snp+1 = k + 1|Snp = k] = 12 (1 + βnk ) =: αnk , ∀p ∈ N∗, ∀k ∈ In,
P[Snp+1 = k − 1|Snp = k] = 12 (1− βnk ) = 1− αnk , ∀p ∈ N∗, ∀k ∈ In.
P c R 6 S
ir*2%#&*,+4#&%g<#:E S *2A	~#&3>3 mc R 4  2686E*,'U(<*<*,' ! , Ỹ nt := (1/n)Sn[n2t] = Y nτn
[n2t]
 ,EJ^!#= P c R  S@R
T)-D;(<#:./#= >(<*>@ "74#
X̂nt := (Φ
n)−1
( 1
n
Ŝn[n2t]
)
, P c REQ b S
'0#&%#
Ŝn
EG m%@ ";./*23 ') "6E7*4j#E-<#=F2#&%@1./#^!!#=.j9KM P c R 6 S@R T)!#%*/?#L< X̂n 1 N% 2!./*43 ') "6E7v*2r#F2%E. In R sA  4?f:EF2%E.s:3 2./#Ez*2%@./#&%G! , X̂n <;#=!.G#N "3># e+2#&%@ "F4#k83>#mEz#= 2?@z*2A(8k?&#&6E6E Ryg*239!8EFG%#&3 "%7c R   "!.#&*4%<#=3  R 4 'g#0<*2D6.]! e+2# P c REQLS@R T*G<D3D]<<#=?<E*2]'g#0'0%Z#)*2D%C?@#&3>#8<!#k "6EF2*2%8<3 AB*4%<3 R <#:!#KUJ#L?f<E*2'(#:'086E6X#=J<E3 ,<#G#k "!%<*e/E3 ,<E*2N#&%%<*4%(*2A*4D%U<?@!#&3># R
   #  ,!$%$/    0
l *"#G<! "U9KMN?*4!O%<D;?f<E*2 (Φn)−1(k/n) = xnk AB*2%U "6E6 k ∈ In R
 #k./#&^!#k ABD!?<E*2 ALGO E#:#&-U3 2#&%Lx
 l |  hT `  T  x/<#k?&*K#um?E#&- a  "!. ρ [<#kJ 2%J8F]$*2E4 x [/<!#:%<#L?JE*2*2%@./#=% n  "!.#G^!! 26<E3]# t R
  nT)|  hT`  T  x$ "v "!%<*e/E3> "<E*286E e' X̂n *2A X  ,)83># t R
Q2R o #& xn0 ← l R
  1), xnk ≤ r<#
xnk ←
√
a(xnk )ρ(x
n
k )(1/n) + x
n
k
 2!.
k ← k + 1 R +   1),
4 R yg*23>D<#1<# αnk = (1 + βnk )/2 '08< βnk ./#&^!#=.9KM P c R 8 SR
 R o #& y ← Φn(x) R.
(n y − bn yc) < 0.5<#
s0 ← bn yc R ),*
<#
s0 ← bn yc+ 1 R +1.
5 R . 4 i = 0 * i = bn2 tc =: N
.
xnsi ∈ R \ (l, r)0#&<D%
xnsi R+1.
 #:! e+4# si = k AB*4%UJ*43]# k ∈ Ik R o 83D6 ,<#k ]%#= 268E= "<E*2 B *2A Ber(αnk ) RT)!#&rJ#&
si ← si + B R
4   
 +1. /4
c R 0#&<D% xnsN R
    0
  (k ) 	 0
UJ#L?f8*4'(#G'086E6W%*,+2#h<#GAB*4686E*,'0EF#&*4%<#=3 R
  /4  5   +8+
 ,  2E   a, ρ ∈ Coeff(λ, Λ) &('*)+' ,  0 < λ ≤ Λ < ∞ -  #  0 < T <∞  "! X FE4
:);' 08 +8+ 6    ); D ! #J L(a, ρ) - ' ) n ∈ N 0 '  + $ !  ) 2E  :");' 08 +8+ X̂n +  *) 7$  6 &8)G' , x ! 7H   ! #J @
∀t ∈ [0, T ], X̂nt = ALGO(a, ρ, x, n, t).
 '*) *121 f ∈W1,∞0 (G)∩ C0(G) @A*121 ε > 0 @*!/*121 γ ∈ (0, 1/2)
2E  )  $ +  +% 0 ' 4+     C !  :  "! $  6 '  ε @ γ @
T @ λ @ Λ @ G @ ‖a′‖∞ @ ‖ρ′‖∞ ‖f‖∞ @ ‖df/dx‖2 @ ‖df/dx‖∞ @ supi∈I 1/(xi+1 − xi) @*!
FE4  B ' H )8+  , '*,    +
'<& T (1) +
 08E FE   @ &('*) n 1  )76   "'
 6 E @
sup
(t,x)∈[ε,T ]×Ḡ
∣∣∣Exf(Xt)− Exf(X̂nt )
∣∣∣ ≤ Cn−γ .
 #:! e+4#2[
|Exf(Xt)− Exf(X̂nt )| ≤ |Exf(Xt)− Exf(Xnt )|+ |Exf(Xnt )− Exf(X̂nt )|
=: e1(t, x, n) + e2(t, x, n).
P  REQLS
 #:'0E686~#=J<E3> "<# e1(t, x, n) 9KMm|`hp0#=?@q-D#=0 2!. e2(t, x, n) 9KM+2#&%Mm<83>6E#:%*29! 2986EOE?n<#L?@q4D!#= R
  ( 0   # %$'   #   # / /%$/
UJD!9!J#L?f8*4'(#G%<*,+4#n#GAB*26E6E*,'08F]%*2$*4<Z8*4 R
 4 /
#**,/+ 5   +8+
 ,  f #  1 '  6 +  ' H10(G)∩C0(G) -
  #  u(t, x)  "! un(t, x) )  + : 80( $25  1 J 2E  +' 1 
  $ '  +
'<& (P)(a, ρ, f)  "! (P)(an, ρn, f) @B $22E an *! ρn 1 $   $  
 #(+ G0 $ '  - 4@    :
	 -  E   &(' ) 121 ε > 0 FE4 ) $ +  0 '*4+  *  C1 !  :  ! $  6 '  ε @ T @ λ @ Λ @ G @ ‖f‖∞ @ ‖df/dx‖2 @ ‖a′‖∞ @ ‖ρ′‖∞ @  "! supi∈I 1/(xi+1 − xi)+
 08E FE   &('*) n 1  ) 6   "'
 6 E @
sup
(t,x)∈[ε,T ]×Ḡ
|u(t, x)− un(t, x)| ≤ C1
1√
n
.
 U'(#:'0E686	J#=#:8r|C%*2$*4<8<E*2r R 4 [8A'g#! 2. I ⊂ In '(#k?*4D6E.v*49/ 28r 2D!;#=%n9$*2D;.AB*2% |||u− un|||∞,∞*"A<!#kAB*2%3
K(‖a− an‖2∞ + ‖ρ− ρn‖∞) R (D/nEhU*2h#L?#= "%Mm<!#?& 4J# P <#&#0#=3 "%7vc R 4 SfRn} *,'g#=+2#&%ZU0$*4JE96E#h*3>*K.ZABM
a
 "!.
ρ
E*4%.#&%)<*>%#^!;.D;)8r <ZD! ,8*4?&68*-J#1<*]EU*2#4[! "!.'(#1'0E6E6~./*><; ,
<*%*,+2#1|C%*2$*4<Z8*4 REQ2R
 4 /
#**,/+ 5 !   #  f ∈ H10(G)∩C0(G) -   #  a1, ρ1, a2, ρ2 ∈ Coeff(λ, Λ) @ "! I1  "! I2 )  +7: 80( $25  1 J2E  +  '<&: ' $   + ' & ! $ + 0 '  7$ 
 $2 J '<& a1  "! ρ1 *! a2 *! ρ2 -  +8+
 ,  I1 ⊂ I2 -  #  u1(t, x) 2E  B  
+('*1 
  $ '  ' & (P)(a1, ρ1, f)  "! u2(t, x) 2E  B    +' 1 
  $ '  ' & (P)(a2, ρ2, f) -  E4 )  $ +  +  0 '  +     C̃1
!  :  ! $ 6 '  T @ λ @ Λ @ G @ ‖f‖∞ @A ! ‖df/dx‖2 @+

08E FE   @
|||u1 − u2|||∞,∞ ≤ C̃1
(
‖a1 − a2‖2∞ + ‖ρ1 − ρ2‖∞
)
.
4  5
 #:#=#=.v ]68#=3>3> > 4<<#&%<<EF>J*43]#:J 2!. "%@.#=J<E3> "<#L R
    2 5  $  ( #  f ∈ H10(G) - ( #  u(t, x) 2E  B   +' 1 
  $ '  '<& (P)(a, ρ, f) -  E   ∂tu $ + $ 
L2(0, T ; L2(G))  "!C,C' )  :) G0$ +  1 J @
|||∂tu|||2,2 ≤
Λ
2
∥∥∥∥
df
dx
∥∥∥∥
2
. P  R 4 S
$2$    #  f ∈ L2(G) -  #  u(t, x) FE4 B    +' 1 
  $ '  '<& (P)(a, ρ, f) -  E   dudx
$ + $  L2(0, T ; L2(G))  "!
, '*)  :") 80($ +  1 J @
∣∣∣∣
∣∣∣∣
∣∣∣∣
du
dx
∣∣∣∣
∣∣∣∣
∣∣∣∣
2,2
≤ 1
λ
‖f‖2 . P  R  4S
 4  /. 5    D : 	 - JD!3]#^!%@J<; , a  "!. ρ  2%<# C∞(G)  "!.<! " f E C∞c (G) <*j<; , u(t, x) 8<#&68A
C∞((0, T )× G) Rh  u(t, x) E1 '(#= "7v<*26ED/<E*2r*2A (P)(a, ρ, f) [$ 2!. u [ Lu  ";. ∂tu  "%# C∞ [;D;JEF ∂tu  4n <#=J0ABD!?<E*2r ";.E-<#=F2%@ ,<EF]9KMm! "%<)'08<v%#=<;#L?f)<*
x
['(#1F4#
∫ T
0
∫
G
|∂tu|2mρ(dx)dt =
∫ T
0
∫
G
∂tu Lu mρ(dx)dt = −
1
2
∫ T
0
∫
G
a
du
dx
d(∂tu)
dx
dx dt.
T)#&jD;JEFt!D9E   n<#=*2%#&3v[$8-<#=%<+4#&%<<EF><!#! 2%JE 26./#=%<E+, ,<E+2#L&[;8-#&F2%@ ,8!Fm9KM! 2%J@U'08<s%<#LJ$#=?U<* t "!.<!#&r "F- "EN'08<v%<#LJ$#=?)<*
x
[!'g#GF2#&
2
∫ T
0
∫
G
|∂tu|2 mρ(dx)dt =
1
2
∫
G
a
∣∣∣∣
du(0, x)
dx
∣∣∣∣
2
dx− 1
2
∫
G
a
∣∣∣∣
du(T, x)
dx
∣∣∣∣
2
dx,
'0E?@v6E#= 4.(<* P  R 4 SfR
   :  -  <#jF4#&#=% 26U?& 4J#4[0'0Z a  ";. ρ E Coeff(λ, Λ) [h "!. f 8 H10(G) [U'g#D!J#s z%<#=F2D6 "%8L ,8*4 "%F2D3>#&-L[!T)#&*4%<#=3 4 R 4 [ o <#= Q [; m?*43]; 2?f#=U 2%<F4D3>#&-U "!.r 2E-<#=F2%@ ,<E*2v9KMN; "%<0'08<j%#=<$#=?f0* t [<*#/E98n ABD!?f8*4
w ∈ L2(0, T ; L2(G))  ,ZABMKEF!x
∀ϕ ∈ C∞c ((0, T )×G),
∫ T
0
∫
G
wϕ = −
∫ T
0
∫
G
u∂tϕ,
 2!. |||w|||2,2 ≤ Λ2
∥∥∥∥
df
dx
∥∥∥∥
2
.
T)! ,U
∂tu
E)E
L2(0, T ; L2(G))
 "!.+2#=%<8^!#= P  R 4 SfR
  T)! 27/(<*>$*2E4U S  ";.N9$#=?= "D!<# Lu(t, .) ∈ L2(G) 'g#:?= "v'0%<8<#
∫ T
δ
〈∂tu, u〉L2(G,mρ) dt =
∫ T
δ
〈Lu, u〉L2(G,mρ) dt, P  R 5 S
AB*2%U "6E6
δ > 0 RC  u )8 C1([δ, T ], L2(G, mρ))dt  "!.'(#1; e+2# P <#&#>_ g%#*  d S [
2 〈∂tu, u〉L2(G,mρ) =
d
dt
‖u‖2L2(G,mρ) , ∀t ∈ [δ, T ], P  R c S
D!JEF> "8-<#=F2%@ ,8*49-M; "%<('08<%<#LJ$#=?g*
x
8<!#h%8F4-g! 2!.N<E.#h*2A P  R 5 S [ 2!.m3 "7KEF δ <#&;.m* 0 '(#F2#L[
λ
2
∣∣∣∣
∣∣∣∣
∣∣∣∣
du
dx
∣∣∣∣
∣∣∣∣
∣∣∣∣
2
2,2
≤ 1
2
(
‖u(0, .)‖2L2(G,mρ) − ‖u(T, .)‖
2
L2(G,mρ)
)
,
'0E?@v6E#= 4.(<* P  R  -SfR
4 4c
 4  /. #.  4 /
/ #+  5 ! 5  D : 	 -  #:8-%<*/./D!?&#1<#GAB*4686E*,'08!F*4%<3*2
C(0, T ; L2(G)) ∩ L2(0, T ; H10(G))
x
|v|G,T :=
(
sup
t∈[0,T ]
‖v(t, .)‖22 +
∣∣∣∣
∣∣∣∣
∣∣∣∣
dv
dx
∣∣∣∣
∣∣∣∣
∣∣∣∣
2
2,2
)1/2
.
 #:! e+4#1<#1AB*26E6E*,'08F>#LO83 ,#2x
|||v|||∞,∞ ≤ K|v|G,T , P  R  S'0#&%#1<#:?*4!J "-
K
./#&$#&!.!)*26EMm*2
T
 2!.
G P <#&#>_  o  h edI[/J R =R  8#Lq-D! "6EZOM P, 4S 8 5 '0Z r =∞  2!.
q =∞ SR
 #k<# v := u2 − u1 R D%)F2*- "6X)*,' *#=J<E3> "<# |v|G,T R
   :  - o # (L2, D(L2)) = L(a2, ρ2) R pC6E#&3>#&- 2%<M?*23>D ,8*4!0<*,' <; ,=[ v(t, x) U ]'(#= "7m<*26ED/8*4N*
∂tv(t, x) = L2v(t, x) +
ρ2(x)
2
d
dx
(
(a2(x) − a1(x))
du1(t, x)
dx
)
+ (
ρ2(x)
ρ1(x)
− 1)∂tu1(t, x),
<! "UE(*m< eM>AB*4%U "6E6
ϕ ∈ C∞c ((0, T )×G)
'g#:! e+4#2[
−
∫ T
0
∫
G
v∂tϕmρ2(dx)dt = −
∫ T
0
∫
G
a2
dv
dx
dϕ
dx dx dt
+
∫ T
0
∫
G
[
ρ2
2
d
dx ((a2 − a1)du1dx ) + (
ρ2
ρ1
− 1)∂tu1
]
ϕmρ2(dx)dt.
P  R 8 S
 # 272# v  4h N<#LO1ABD!?<E*2E P  R 8 SR  hJEF P  R c S '08< v [XE-<#&F4% "<E*2r9KMv! "%<=[ ab ≤ (λ/2)a2 + (2/λ)b2 "!.
a1, ρ2 ∈ Coeff(λ, Λ)
'(#1^!! 2686EMmF2#&=[
|v|G,T ≤
κ′
κ
(∫ T
0
∫
G
(a1 − a2)2
(du1
dx
)2
dxdt +
∫ T
0
∫
G
( 1
ρ1
− 1
ρ2
)
∂tu1vdxdt
)
, P  R  S
'0#&%#
κ = min(1/Λ, λ/4)
 "!.
κ′ = max(1/λ, 1) R
   : -  f ∈ C0(G)  2!.v<!#]<#&3>EF2%*2D (S1t )t≥0  "!. (S2t )t≥0 F4#&#=% "<#=.v%#=<$#=?f8+4#&6EM9KM (L1, D(L1)) =
L(a1, ρ1)
 "!.
(L2, D(L2))
 "%#1t!#&6E68#=%=['(#:?& 2?&*2!<E.#&%(<! "
∀t ∈ [0, T ], ‖v(t, .)‖∞ ≤ ‖u2(t, .)‖∞ + ‖u1(t, .)‖∞ ≤ 2 ‖f‖∞ .T)-D; |||v|||∞,∞ ≤ 2 ‖f‖∞  9;#LJ./#L f ∈ H10(G) <KD!)D!<8!F$*2E-( S *"A	~#&3>3  R8Q  "!. } 6E./#=%)8#Lq-D! "6EZOM'(#F2#L[
∫ T
0
∫
G
( 1ρ1 −
1
ρ2
)∂tu1vdxdt ≤ 2
∥∥∥ 1ρ1 −
1
ρ2
∥∥∥
∞
‖f‖∞ |||∂tu1|||1,1
≤ 2λ2
√
T |G| ‖ρ1 − ρ2‖∞ ‖f‖∞ |||∂tu1|||2,2 .
≤ Λλ2
√
T |G| ‖f‖∞
∥∥∥ dfdx
∥∥∥
2
‖ρ1 − ρ2‖∞ .
P  R 6 S
T~*]^!<'(#G! e+2#4[
∫ T
0
∫
G
(a1 − a2)2(
du1
dx
)2dxdt ≤ ‖a1 − a2‖2∞
∣∣∣∣
∣∣∣∣
∣∣∣∣
du1
dx
∣∣∣∣
∣∣∣∣
∣∣∣∣
2
2,2
,
4 2
 "!.$*2E40E S *2AV~#&3>3 > REQ ?&*23>6E##=(<!#:%<*K*2A9$#=?& 2D!<# f ∈ L2(G) R
l *"#G<! "0<#GA  4?f)<; , I1 ⊂ I2  "6E68*,'U(*>?&*2!<./#&%(<!#kq4D; "-<8<E#= ‖ρ1 − ρ2‖∞  "!. ‖a1 − a2‖∞ R
 #k 2%<#1<!#&v%<#L 2./M>*%*,+2#1|C%<*4;*-J8<E*2 REQ2R
 4  /. #.  4 /
/ #+  5  5hT)!#:E./#L >EU<*9D!86.r >9 wO#=?f8*4
φn
<D!?@v! ,0#k$*2E4@U*2AV./?*2-8KD8OMN*2A
a ◦ φn
 "!.
ρ ◦ φn
 "%#hE!?6ED!./#L.8 In R
   : 	 - #:9DE6.r !8#L?#&'0<#16EE#= 2%09 wO#L?f8*4 φn JD;?@N! , φ−1n (I) ⊂ In E#GAB*26E6E*,'08F>3 "!#&%Lx
 #G^!%@J0.#^!#k ]%*"wO#L?f8*4 πn : G→ In 9KM2[
πn(x) =



xnkn,x if (x− xnkn,x)/(xnkn,x+1 − xnkn,x) < 1/2,
xnkn,x+1 if (x− xnkn,x)/(xnkn,x+1 − xnkn,x) ≥ 1/2.T)#&v'(#G<#
φn(x) =



x0−l
πn(x0)−l
(x− l) + l if x ∈ [l, πn(x0)[,
xi+1−xi
πn(xi+1)−πn(xi)
(x− πn(xi)) + xi if x ∈ [πn(xi), πn(xi+1)[,
for 0 < i < k1 − 1,
r−xk1
r−πn(xk1 )
(x− πn(xk1)) + xk1 if x ∈ [πn(xk1), r].
l *"#G<! "U'g#1#&v! e+4#nAB*4%U "6E6 i ∈ I [ φn(πn(xi)) = xi R
   :  -  #m<# ũn(t, x) := u(t, φn(x)) R IA a  "!. ρ  "%#J3>*K*"<E3]!68#m?&*23>D/@ ,<E*2;:J*,' <! " ũn(t, x)J*468+4#=
(P)(ãn, ρ̃n, f ◦ φn)
'0ZW[
ãn(x) =
a ◦ φn(x)
φ′n(x)
,
 "!.
ρ̃n(x) = ρ ◦ φn(x).
I)?= "9$#1<*,'0><; ,gJ<E6E6;#h?= 2<#0AB*2%
a
 "!.
ρ
8
Coeff(λ, Λ)
[-D;JEF %<#=F2D6 "%E= ,8*4] 2%<F4D3>#&-g 2!.
 "F4 28vT)#=*2%#&3 4 R 4 R
 #k 26E<*./#^!!# ūn(t, x) *]9$#G<!#kJ*468D/8*4*2A (P)(ãn, ρ̃n, f) R
   :  - t!*2%U 2686 (t, x) ∈ [ε, T ]× Ḡ [/'(#:! e+2#4[
|u(t, x)− un(t, x)| ≤ |u(t, x)− u(t, φn(x))| + |||ũn − ūn|||∞,∞ + |||ūn − un|||∞,∞ .
T)#:;*48-@0*"AV./E?*4-<E-D!ZOMm*2A
ãn
 "!.
ρ̃n
9$#&6E*2!F* In R o *>9KMN|%<*4;*-J8<E*2v R 4 <#=%<#GU >?*2;O@ "- C̃1 *"./#&$#&!.8F*4
n
<D!?@N! ,
|||ūn − un|||∞,∞ ≤ C̃1
(
‖ãn − an‖2∞ + ‖ρ̃n − ρn‖∞
)
. P  REQ b S
g#LJ./#L&[ 4(AB*2%0#= 4?@
n
<#k<#&3>EF2%*2D
(S̃nt )t≥0
F4#&#=% "<#L.m9KM
L(ãn, ρ̃n)
Ut!#&6E68#=%=[/'(#G! e+2#
|||ũn − ūn|||∞,∞ ≤ ‖f − f ◦ φn‖∞ ≤
∥∥∥∥
df
dx
∥∥∥∥
2
√
‖id− φn‖∞. P  REQ2QLS
4  8
tE! 2686EM2[/'(#h7K*,'! ,
u(t, x)
)?*448KD*4D!g*2
[0, T ]× Ḡ  2!.m*2A?6 2 C1 *2#= 2?@ [ε, T ]× (xi, xi+1) P <#&#G8_   h ed	T)#&*4%<#=3>)> ";. 8 SfR o *>8A x  2!. φn(x) 9;#&6E*2!F*]<#k "3>#G8-#&%+e 26 (xi, xi+1) 'g#G! e+4#2[
|u(t, x)− u(t, φn(x))| ≤ sup
(t,x)∈[ε,T ]×(xi,xi+1)
|du
dx
(t, x)| · |x− φn(x)|.
W#UD;0J#&
M = sup
i∈I
sup
(t,x)∈[ε,T ]×(xi,xi+1)
|du
dx
(t, x)|.
IAAB*4%08!J 2!?#
x ∈ (xi−1, xi)
 ";.
φn(x) ∈ (xi, xi+1)
'g#G! e+4#2[
|u(t, x)− u(t, φn(x))| ≤ |u(t, x)− u(t, xi)|+ |u(t, xi)− u(t, φn(x))| ≤ 2M ‖id− φn‖∞ . P  REQ 4 S
 #]'086E6VJ#=#9$#&6E*,'<! " ‖id− φn‖∞ → 0  2 n → ∞ [XJ*AB*4% n 6 "%F2##&*4DF2r'(# 2%<# 268') eM/U ,168#L 2JhEr<!#6E 4OU<ZD! ,8*4 R
   :
- (M?*4!J<%D!?f8*4 P <#&#>$*2E- Q *2A<!#> 268F4*2%Z3 S #F2%. In < "<O^;#= |xnk+1 − xnk | ≤ Λ/n [WAB*2%: "6E6
k ∈ In Ro *>#&6E#&3>#&- 2%<M?*23>D ,8*4!0<*,' ! ,
‖id− φn‖∞ ≤
3Λ
n
and
∥∥∥∥1−
1
φ′n
∥∥∥∥
∞
≤ 2Λ sup
i∈I
1
xi+1 − xi
.
1
n
.
 0'(#G! e+2#G< 2E. "9$*,+2#4[KAB*2% n 6E 2%<F4#h#=*2DF4 P  REQ 4 S 0+, "6E. 2!.N'(#G<!#&v! e+2#4[
|u(t, x)− u(t, φn(x))| ≤ 6MΛ
1
n
. P  REQ* 4S
IU%<#=3> 28;(<*>#&+, "6ED! "<# ‖ãn − an‖∞  ";. ‖ρ̃n − ρn‖∞ R #L 2?@ (xi, xi+1) [ a )*"A?6 2 C1  2!. a′ E0% R ? R 6 R 6 R [J*r83 "74#=:<#&!<#><*sJ$#= 27*"A ‖a′‖∞ R ir*4%<#=*,+2#&%G#L 2?@ φn([xnk , xnk+1)) E8;?6ED!./#=.zE<*23># [xi, xi+1] ! ,?*2-@ "E!
xnk
[!<*>'g#G! e+4#2[
‖ãn − an‖∞ ≤ supk∈In supx∈[xnk ,xnk+1) |a(φn(x))/φ
′
n(x)− an(x)|
≤ ‖a′‖∞ supx∈[xnk ,xnk+1) |φn(x)− x
n
k |+ Λ supx∈[xnk ,xnk+1) |1−
1
φ′n(x)
|.
 2.!./Z8*4 |φn(x)− xnk | ≤ |φn(x)− x|+ |x− xnk | ≤ 4Λ/n [4AB*2%) "6E6 x ∈ [xnk , xnk+1) [ 2!.m'(#h?= "F2#0 ]JE3>86 "%9;*4D!.AB*2% |1− 1φ′n(x) |
J*]^!! 2686EM#&%#:#/O@
K1
JD!?@<; ,
‖ãn − an‖∞ ≤ K1
1
n
. P  REQ 5 S
v ><83>E6E 2%03 "#=%0'g#GF4#
K2
<D!?@N! ,L[
‖ρ̃n − ρn‖∞ ≤ K2
1
n
. P  REQ c S
T)-D;&[!?&*2398!8F P  REQ b S [ P  R8Q4QLS [ P  REQ* -S [ P  R8Q 5 S  ";. P  REQ c S ['g#:?&*23>6E#<#G#:%*K*"A R
4  
   ( 0   # %$'  (  / % "! # / /%$/
 4 /
#**,/+ 5     FE4 0 '*    '<&  
 #+ 807$ '*  -  @&(' )  121 γ ∈ (0, 1/2) FE4 )   $ +   0 '*4+     C2 !  :  "! $  6
'  T @ γ  ! FE4  B ' H )8+  ,C' ,    +'<& T (1) +
 0GE 2E   @
∀n ∈ N∗, ∀t ∈ [0, T ], E|Y nτn
[n2t]
− Y nt | ≤ C2n−γ .
l *"#<! ">E "6E6gJD9;J#L?f<E*2'(#./%*2 "KM%#AB#&%#&;?#<*s<#rJ "%<<EF;*48- x 8<!#r*"@ ,<E*2*"AU##/;#L?f@ ,<E*2 R !./#&#L.<#:?& 26E?&D6 ,<E*2;)'g#G3 "74#G 2%<#1D8AB*2%3'08<v%#=<;#L?f)<*>)+e 2%< "9!68# RT)#:%*-*2A*2A|C%*2$*4<Z8*4 R  '0E686WAB*26E68*,' AB%*23O'g*><83>6E#:68#=3>3> 4 R
t*2%U 2686
γ ∈ (0, 1/2) [ 2686 T > 0 [ "!.NAB*2%U 2KMm%*K?&#= Y 68#&UD!)8-%<*/./D!?&#1<#:*2 "<E*2
MγT (Y ) := sup
s6=t, s,t∈[0,T ]
|Yt − Ys|
|t− s|γ .
    2 5 ! (
(µn) #   +   
   08 $  M  "! 1 ( #  (Y n) 2E  +  
   08 ' & :");' 08 +8+  ++
 08E FE     0GE Y n
+('*1 5  + Sde(1, µn) -  +8+
 , FE4 )   $ +   B '%: ' + $2 $25  0 '  +  *  + m  ! M +
 08E FE   @
∀n ∈ N, fµn ∈ Coeff(m, M). P  R8Q  S
 E  &('*) *121 γ ∈ (0, 1/2) @ *121 k ∈ N∗ +
 08E 2E   0 < γ < 1/2−1/(2k) @ ! *121 T > 0 @ FE4 )  $ +  +  : ' + $2 $25 0 '*4+     Cγ,Tk @ '
 !  :  "! $  6 '* n @ B E $>0GE 5  ) $ HA +8@
∀n ∈ N,
(
E[(MγT (Y
n))2k ]
)1/2k
≤ Cγ,Tk <∞. P  R8Q 8 S
 4  /. 5  #! e+2#>*jD!<#<#{n*4683>*2F4*2%*,+-H   #=4@J*,+<!#&*2%#&3 R W#&9$# γ ∈ (0, 1/2)  "!. k ∈ N∗ <D!?@z! ,
0 < γ < 1/2− 1/(2k) R t*4%U "6E6 n ∈ N 6E#UD!0.#^!#
Fn(x) :=
∫ x
0
fµn(y)dy,
 "!.
hn := fµn ◦ F−1nW#UD;)#&+, "6ED! ,#
E|Y nt − Y ns |2k
AB*4%
n ∈ N  2!. t, s > 0 R #:! e+2#
E|Y nt − Y ns |2k = E|F−1n (Znt )− F−1n (Zns )|2k, P  REQ  S'0#&%#
Zn := Fn(Y
n)
U<*26ED/<E*2*"A
Sde(hn, 0)
9KMm#:+K8%<<D!#1*2A|C%*2$*4<8<E*2  REQ2RgM P  R8Q  S '(#:! e+2#h<! " ||(F−1n )′||∞ ≤ 1/m [<* JE3>6E#GD;J#:*2A#:3>#= "v+, "6ED#1<!#&*2%#&3 68#L 2.(AB%*23 P  R8Q  S<*![
E|Y nt − Y ns |2k ≤
1
m2k
E|Znt − Zns |2k =
1
m2k
E|
∫ t
s
hn(Y
n
r )dWr |2k.
 n<8F!*,' <#k(D%7K*26./#=%JH`h e+KOHOa1D!.M]E#Lq4D; "6EZOMN 2!.<#:3 "wO*2%@ ,<E*2N! "%<0*"A P  R8Q  S 'g#GF4#
E|Y nt − Y ns |2k ≤
1
m2k
Ck E
( ∫ t
s
h2n(Y
n
r )ds
)k
=
(M
m
)2k
Ck(t− s)1+(k−1),
4  6
'0#&%#
Ck
U ?&*2!J 2-)!*"U./#&$#&;./8!F*2
n R T)!#G?&*2!J 2- (Mm
)2k
Ck
.*-#L)*"U./#=;#=!.*2
n
 2!.N'(#G! e+2#
2k > 1 R T)KD!&[!! e+K8F >6E*K*27N "0<#:%*K*"AV*"A	<#k{h*26E3>*2F4*2%*,+4H   #&-@J*,+<#=*2%#&3 P J#=#_   6 Q dWAB*4%UE!O@ "!?&# S [ "!../#=4ZABMKEFk#L 2?@
Y n
'08<m8
γ
H }  6./#&%C3>*/./8^;?& "<E*2m'(#n?= "m eMk<; ,#&%#n :$*4<8<E+2#n?&*2!J 24 Cγ,Tk [JD!?@<; , P  R8Q 8 S *46E. R
    2 5   E4 )   $ +  + 0 '*4+     K !  :  "! $ 6 '* T  "! FE4  B ' H )8+  ,C' ,    +' & T (1) +
 0GE 2E  	
∀n ∈ N∗, ∀t ∈ [0, T ], E|τn[n2t] − t|2 ≤ K
1
n2
. P  REQ 6 S
 4  /. 5GtE%@Om'(#r*"E?&#v<! "mZA
t < 1/n2
<!#& P  R8Q 6 S *26.'08< K = 1 R  #v<#=  2JD!3]#v*,' <; ,
t ≥ 1/n2 R t*4%U "6E6 t ∈ [0, T ]  2!.N'08<# σnp ./#^;#=.8r~#&3>3 mc R 4 '(#:J#& σn,tp := tσnp R W# T1 ∼= T (1) R
 n<8F;[
(v1 + . . . + vk)
2 ≤ k(v21 + . . . + v2k), P  R 4 b S
'g#GF2#&
E|τn[n2t] − t|2 ≤ 2E
∣∣τn[n2t] −
1
[n2t]
[n2t]∑
p=1
σn,tp
∣∣2 + 2E
∣∣ 1
[n2t]
[n2t]∑
p=1
σn,tp − t
∣∣2. P  R 4 QLS
 #:! e+4# (τnp − τnp−1) ∼= T (1/n2) J*>'(#:F2#L[
E
∣∣τn[n2t] − 1[n2t]
∑[n2t]
p=1 σ
n,t
p
∣∣2 = E
∣∣∣
∑[n2t]
p=1 (τ
n
p − τnp−1)
( [n2t]−n2t
[n2t]
)∣∣∣
2
≤ 1[n2t]
∑[n2t]
p=1 E(τ
n
p − τnp−1)2
≤ E(T 21 ) 1n4 .
P  R 434 S
t*2%1#mJ#L?*4!.r#&%3*"A P  R 4 QLS [	 2 ET1 = 1 P <#&#_ (%#= ,dAB*2%G8;O@ "!?&# S  "!.<!# σnp   G 2%<#]8;./#&$#&!.#&-=['g#! e+2#
E
∣∣ 1
[n2t]
∑[n2t]
p=1 σ
n,t
p − t
∣∣2 = t2[n2t]2 E
∣∣ ∑[n2t]
p=1 (σ
n
p − 1)
∣∣2
= t
2
[n2t]2
∑[n2t]
p=1 V(σ
n
p )
≤ 2TV(T1) 1n2 .
P  R 4  4S
T 27-EF>Ev 4?&?&*2D- P  R 434 S [ P  R 4  4S  2!. P  R 4 QeS '(#:?*43]!68#&<#G<!#:%<*K*2A R
 4  /. #.  4 /
/ #+  5  5h~#19;#
γ ∈ (0, 1/2) [ k ∈ N∗ <D!?@r<; , 0 < γ < 1/2− 1/(2k) [ ";. n ∈ N∗ RgMm<# }  6./#&%0E#=q-D! 2688OMm'(#:! e+2#hAB*2% p  2!. q ?*4,wODF- ,<#
∀t ∈ [0, T ], E|Y nτn
[n2t]
− Y nt | ≤ [E
(
MγT (Y
n)
)p
]1/p.[E|τn[n2t] − t|γq]1/q . P  R 45 S
4 8,b
W#0D!g^
q = 2/γ R #G! e+2# 1 < p < 4/3 R p 4?@ Y n J*468+4#= Sde(1, µn) '0Z µn = ∑k∈In βnk δk/n '0ZN#
βnk
./#&^!#L.N9KM P c R 8 SR T)!#hABD!!?f8*4 fµn E(D!Eq-D#GD<*> ]3D68<E6EE?= ,<E+2#G?*4!J "- R IA	'g#1E3]$*4<# fµn(l) = 1<#=v<E3]!68#k?= "6?D6 ,8*4!)J*,'<! "
fµn(x) =
∏
k
n
≤x,k∈In
1− βnk
1 + βnk
=
√
ρ(xnkn,x)√
a(xnkn,x)
.
T)-D;)#= 2?@
fµn
E)E
Coeff(
√
Λ/λ,
√
λ/Λ)
 "!.9KMNW#=3]3  R 4 [4#&%#:#/O@ Cγ,Tk +2#&%8ABM-EF P  REQ 8 SfR
  p < 2k 9KM 64#&;J#=E#=q-D! 2688OM#&%#G#/EJ Kγ D8AB*2%3 E n <D!?@<! "
∀n ∈ N∗, [E(MγT (Y n)p)]1/p < Kγ <∞. P  R 4 c SgMW#&3>3  R  <#=%<#:#&KJ K JD;?@N! ,
∀n ∈ N∗, ∀t ∈ [0, T ], [E|τn[n2t] − t|γq]1/q = [E|τn[n2t] − t|2]1/q ≤ K n−2/q = K n−γ . P  R 4  S
yg*239!8EF P  R 45 S [ P  R 4 c S  "!. P  R 4  S '(#G?= "v?*43]!68#&<#G<!#:%<*K*2A R
    / %%$'% '  "# %$/# 0 
yg*239!8EF]<!#GO'g*>%#=?&#&#=.8F><D9!<#=?f8*4!)'(#k?& "^!! 2686EMm%*,+2#GT)#=*2%#&3 R8Q4R
 4  /. #.   14    5  5  #h; e+2# e1(t, x, n) = |u(t, x)−un(t, x)| '0#=%<# u(t, x)  2!. un(t, x)  "%#U<!*4<#n*"A|C%<*4;*-J8<E*2v REQ2Rir*2%#&*,+4#&%L[C9KM?*4!J<%D!?f8*4W[
X̂n
*"A:T)#=*2%#&3  R8Q m./O%<E9D/#=. 2 X̃n := (Φn)−1(Ỹ n) '0Z<# Ỹ n *2Ao D9!<#=?<E*2rc R 5  ";.m|C%*2$*4<Z8*4 R  [4! ,06E8+4#=(Em<!#G "3>#1%*29! 2688OMJ! 4?#G 2 Y n R o *;[ 2 ∥∥∇(Φn)−1∥∥
∞
≤
1/Λ
[/'g#G! e+4#2[
e2(t, x, n) = |Ex[f(X̃nt )− f(Xnt )]| ≤
∥∥∥∥
df
dx
∥∥∥∥
∞
E
x |X̃nt −Xnt | ≤
∥∥∥ dfdx
∥∥∥
∞
Λ
E
x |Ỹ nt − Y nt |.
T)-D;)D!JEF|C%*2$*4<8<E*2!) REQ  "!. R  'g#:?&*23>6E#<#G#:%*K*"A R
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1),  5  #G@ "72# a  2!. ρ <*>9$#
a(x) =
{
1 if x < 0,
5 if x ≥ 0,
 2!.
ρ(x) =
{
1 if x < 0,
1/5 if x ≥ 0.
T)#&v9KMm|C%*2$*4<Z8*4 5 R8Q [K<#:!%<*/?#L< X F2#=#&%@ ,#=.m9KM L(a, ρ) <*26E+2#L
Sde(1, 2/3 δ0)
[ $ -  - U./O%<E9D/#=. 2(<!#kJE3>68# o (i Y x,β *2A	; "%@ "3>##&% β = 2/3 R
 #7K*,' <##&/ 4?fk./#=!J8OM p(t, x, y) *"A(<#>% 2!<Z8*4s%*29; "9E688OMr*"A Y x,β P <#&#r_   26 8 ed SR t*4% x = 0 '(#! e+2#4x
4 8 Q
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  Qs !%<*e/E3 ,<#L.z./#&!<8OM p(t, x, y) AB*4% X '0Z t = 1  2!. x = 0 P '0Zc"b2b4b2b! "%<<?6E#= S [~<*4F2##&%'0Z#:# 4?fU./#&;J8OM P %<#=%<#LJ#=-<#=.N9KM<# ∗ H 6EE# SR
√
2πt p(t, 0, y) =



(β + 1) exp{−y2/2t} 8A y ≥ 0,
(1− β) exp{−y2/2t} 8A y < 0.
 #]JE3D6 ,# N = 50000 % 2!./*43+, "%E 296E#= X̂nt = ALGO(a, ρ, x, n, t) '08< x = 0 [ t = 1  2!.<#%<#L?JE*2*2%@./#&%
n = 20 R #:6E*"0*4#k "3>#GF2%@ " P t	8F4D%# QeS <#:J<*2F4% 23'g#GF4#U "!.#:# 2? p(1, 0, y) R
 24 
1), ! 5  #s "74# ρ ≡ 1  "!.#z?*K#um?E#&- a %#&!%<#LJ#=4#=.9KM t	8F4D%<# 4 R  #6E*"v O*2F4% 23 "%*e/83 "<EF
p(t, x, y)
AB*2%
x = 0
 ,g<%#&#hJD!?=?#L<<8+4#0<E3>#==[
t = 1
[
t = 2
 "!.
t = 3.5 R #nD!<#=. N = 10000! "%<<?D6E#=0 2!.N<*K*27
n = 20 P t	8F4D%#  -SfR
 24 
1),  5  #v 272#<#j "3># n [ a  "!. ρ  4>8# 23]!68# 4 R t!*2% f ∈ W1,∞0 (G) ∩ C0(G) [)'(#r7-!*,'
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a R
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   k !%<*e/E3 ,<E*2*"A p(t, x, y) AB*2% x = 0  ,	<E3>#= t = 1 [ t = 2  2!. t = 3.5 P '08< l  Q b2b2b4b0! 2%JE?&D68#L SR
P o D9;J#L?f<E*2Nc R8QeS <; ,8AX#= 2?@ X̂n,(i) C :%#= 268< "<E*2]*"A X̂n O@ "%<<EFk , x [4<#nq-D! 2-<8OM (1/N) ∑Ni=1 f [X̂n,(i)] "%*4 4?@#=
u(t, x)
[#k<*26ED/<E*2*"A
(P)(a, ρ, f) R
 #]<!#&?*4!J./#=%h! , G = (−100, 100)  "!. 272# f(x) = sin(π (x + 100)/200) R  #] 272# x = −10 R  #?*23>D<#
usto(t, x) := (1/N)
∑N
i=1 f [X̂
n,(i)
t ]
['0Z
N = 10000
[~AB*4%
t
9$#&6E*2F48!Fr<* r<E3>#NF4%<.z<; ,] 
./E?%#E ,8*4*2A
[0, 4] R #0D!<#U :./##&%3]EOE?0 268F4*2%Z3 *k?*23>D<#U " 2%*eKE3 ,8*4 udet(t, x) *"A u(t, x)AB*2%
t ∈ [0, 4] R1 #:6E*" usto(t, x)  "!. udet(t, x) *2<#k "3>#GF2%@ "! P t	EF2D%# 5 SR
 24 
1),  5  #:'0E<<*m?*43>! "%#G*2D%U?@#&3>#G'08<v<!#:*2#:%*2$*4<#=.N9KMW#JwJ eMN ";.i "%<<E#&GE_ ijb2ed R*4%.#&%(<*m./*]! ,U'(#1 "74#
ρ ≡ 1  ";. a ./#&^!#L.9KM
a(x) =
{
2 + sin(x)
8A
x < 0,
5 + sin(x + π)
8A
x ≥ 0.
 #G@ "72# t = 1 [ x = 0.5 [ n = 10  2!. N = 10000 R1 #:6E*"U ]O*2F4% 23*"A~#:+, "6ED#=)*2A X̂n1  2%*e/83 ,8!F
p(1, 0.5, y)
*2t	8F4D%<#jc R  #r6E*"*2<!#j< 23]#^!F4D%##vO*2F2%@ "3 *49/ 28!#=.8_ ~ijb4edUAB*2%>#r< 23>#! "%@ "3>##&%@ Rkl *"#! ,:E_ ~ijb4ed<!#> 2D/<!*2%@h 26E<*?&*23>! 2%<#L.v<#=8%:!EJ<*4F2%@ "3 '0Z#>*2#]*29 "E#L.j9KM<#:pCD!68#=% o ?@#=3]#G*2AVi R ij "%<<E#&GEs_ ij 2%b 5 d R
  +1   ) #  +  T)#  "D<*4%'g*4D6E.6E874#*<! 27  4*2E# W#JwJ eM AB*2%!Ez#=!?*4D% 2F2#=3]#=-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